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Abstract

In this paper we introduce some types of ordered contractive mappings and obtain
some fixed point theorems of nonlinear mappings in ordered Banach spaces.

1. Introduction

Let E be a real Banach space. P < E is called a conein E if : (1) Pis
nonempty convex closed; (ii) for any x € P and any real A > 0, Ax € P;

(1) x € P and —x € P implies x = 6. For a cone P in E, we can define

"

the ordering "<p" in E : x <p y, ifandonlyif y—x € P forall x, y in

E. A cone P in E is called normal, if there exists a constant number

N > 0, such that 6 <p x <p y implies |x| < N|y|, N is called normal

constant of P.

The fixed point theorems of nonlinear mappings in ordered Banach
spaces have been studied by many authors. In this paper, we introduce
some types of ordered contractive mappings and obtain some fixed point

theorems.
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Let "<p" be ordering defined by cone P, for u,v € E, if either
u<p v or v<p u holds, we said that v and v are P-comparable. If u
and v are P-comparable, we set uVpv =u, if v 2p v and uVpv =v if

u<pu.
Lemma 1. Let P be a cone in E. If u and v are P-comparable, then
u—-v and v—u are P-comparable and
0<p (u-v)Vp-u).
Lemma 2. Let P be a cone in E and let S be a bounded linear operator
from E to E with bounded inverse S71. Then
(1) S(P) is a cone in E.

(2) For every x, y € E, x <p y, if and only if S(x) <s(p) S(y).
(3) If P is a normal cone with normal constant N, then S(P) is a
normal cone in E with normal constant ||S||N||S_1 [

(4) For every x,y e E, x and y are P-comparable, if and only if
S(x) and S(y) are S(P)- comparable and

S(x Vpy) = S(x) Vg(p)S(»).
In this paper, we always suppose that A is a family of normal cone with
common normal constant N and for every P, @ € A, there exists a
bounded linear operator Spg : E — E with bounded inverse S}Eb such
that S(P) = @ and |Spg| = ”S}_)b" =1. For every P € A, Spp = I (the
identity operator on E).

For a,be E,a and b are called A-comparable, if there exists
P € A such that a and b are P- comparable. The sequence {x,,} is called
A-comparable, if for all n, m, x,, and x,, are A-comparable. A is said

to have convergent sequence comparable property, if for every A-

. . . *
comparable convergence sequence {x,} with limit x*, x,, and x* are

A - comparable for all n.
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2. Fixed Point Theorems

Theorem 1. Let mapping T : E — E is continuous and 0 < A <1
satisfies

(1) If a and b are P € A comparable, then there exists @ € A such
that Ta and Tb are Q- comparable and

(ii) (Ta - Tb) Vo (Tb - Ta) <9 ASpg((a —b) Vp(b - a));
(iii) there exists a xy € E, such that xy and Txqy are A-comparable.

Then T has fixed point and the iterative sequence {T"x,} converges to a

NA
Y ) Txg — 0.

fixed point x* of T. Moreover |x* — xq| < (1 +
Proof. Considering the iterative sequence

2 n+l
x1 = Txg, x9 =Tx; = Tx¢, -+, Xpy1 =T, =T "xg, -

By conditions (i)-(iii), there exists P, € A such that x, and x; = Tx, are
P, - comparable. There exists P, € A such that x; and x9 = Tx; are

P, - comparable and
0 <p, (x1 —x9) Vp,(xg —x1) = (Txg — Tx1) Vp,(Tx; — Txg)
<p, MSpp,((xg — %) Vp (%1 —x9)).

Also there exists P3 € A such that x5 and x3 = Txg are P3-comparable

and
0 <p, (x9 —x3) Vp,(x3 —x9) = (T —Txy) Vp,(Txy — Txy)
<p, MSp,p,((x) —x3) Vp,(xg — x1)).
<p, ¥*Sp,p,Spp, ((xg —x1) Vp (21 - x9)).

Generally there exists P,,; € A such that «x, and «x,., = Tx, are

P, .1 -comparable and
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0<p ., (%p = %p41) VP, .1 (%p1 = %)
= (Txn—l - Txn) \/Pn+1 (Txn - Txn—l)

= 41 )\‘SP,LP,Hl ((xn—l - xn) VPn (xn ~Xn-1 ))

2
<p,.. MSpp .. Sp,_p,(xn_2 —%,1) Vp,_ (x4q —%p_9))

<p,., ¥'Sp,p,.,Sp, ,p, " Spp,((x0 —x1) Vp (1 = x0)).
By the normality of P, .,
|%pe1 = 25| < ¥ N|Sp.p. . Sp,_,p, * Spp, | 1(xo —%1) Vp (21 — x0))
< 7\.anle - X "

Since A < 1, it is easy to prove that {x, } is a Cauchy sequence. Since E

is complete, let x, — x* € E. The continuity of 7 implies that

sk . . b3

k. . .
so x~ is a fixed point of T. Moreover

n
" %ol = Tim e, ~xo] < lim 3| ~ ;]
=1

IA

n
lim 2 Njxy - xo] + [ — xo]
n—w &

o0
WIN |y = o + oy — xo]|
n=2

IA

N
=(1+ i-x Ny = xo]-

The proof is complete.
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Theorem 2. Let mapping T : E — E and 0 < A < 1 satisfies

(1) If a and b are P € A comparable, then there exists @ € A such
that Ta and Tb are Q- comparable and

(11) (Ta - Tb) \/Q(Tb - Ta) =Q KSPQ((G - b) \/P(b - (1));
(i1i) there exists a xq € E, such that for all n, xo and T"xy are A-

comparable;

(iv) A has convergent sequence comparable property.

Then T has fixed point and the iterative sequence {T"xy} converges to a
fixed point x* of T.

Proof. As the proof of Theorem 1, we define iterative sequence x,, =
T"xy and we can prove that {x,} is a Cauchy sequence. Since E is

complete, let x,, - x* € E. Next we prove that x* is a fixed point of 7.

Now we prove that for all » and m, x,, and x,, are A-comparable.
Let m < n, by the condition (iii) xy and x,_, =7T" "x, are A-
comparable. And by the condition (i), we get that Tx, and 7Tx,_,, are
A-comparable. Repeating the procedure, we have T"xq and T"x,,_,, =

T"xq are A-comparable. So x, and x,, are A-comparable.

Since A has convergent sequence comparable property, for all n, x,,
and x* are A-comparable. Hence there exist P, € A such that x, and
x* are P,-comparable. By condition (i) and (ii), there exist @, € A such

that 7x* and Tx,, are @, -comparable and
0 SQn (Tx* - Txn) VQn (Txn - Tx*) SQ,L }‘SPnQn ((x* - xn) VPn (xn - x*))
By the normality of @,,,

|41 — Tx*|| = |Tx, - Tx"|| < AN|x, — x| > 0, (n > ).

This implies x,,; — Tx*. We get Tx* = x* and x" is a fixed point of 7.



194 XTAN ZHANG

Theorem 3. Let mapping T :E — E is continuous and
0 < AN < % satisfies

1) If a and b are P € A comparable and b and ¢ are also P-

comparable, then there exists @ € A such that Ta and Tb are Q-

comparable and Tb and Tc are also Q- comparable.

(1) If a and Ta are P € A comparable and b and Tb are also P-
comparable, then there exists @ € A such that Ta and Tb are Q-

comparable and
(Ta - Tb) Vo(Tb - Ta)
SQ?\,SPQ((TG —a)Vpla-Ta)+ (T -b) Vp(b-1Tb));

(iii) there exists a xqg € E and P, € A, such that xy and Txy are
P, - comparable and Txy and T2x0 are P, - comparable.

Then T has fixed point and the iterative sequence {T"x(} converges to
a fixed point x* of T.

Proof. Defining the iterative sequence

xp = Txg, x9 = Ty = T?xg, -+, Xpyy = T, = T g, -

Since xg and x; = Txy are P -comparable and x; and xg = Tx; are
P, - comparable. By condition (ii), there exists @ such that Tx, and Tx;

are @ - comparable and
0 <q (x1 —x3) Vg (x3 —x1) = (Txg - Txy) Vg, (Tx; - Txg)
<@ MSpg, (((xo = Txo) Vp (Txg — x0)) + ((x1 = Ty ) Vp (Tx1 = x1))).
Hence

1 = xa] < AN(|xg — 21 ]| + %1 — x2]),

AN
1 = 2] < m"xo - xp]-
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By condition (i), there exists P, € A such that x; and x9 = Tx; are P, -
comparable and x9 and x3 = Txy are P,-comparable. By condition (ii),

there exists Qg such that Tx; and Txy are @ - comparable and
0 <q, (%2 —x3) Vg, (x3 —x9) = (Tx; — Tx9) Vg, (Txs — Tx;)
<@y MSpyq, (((x1 = Txy ) Vp, (Tay = x1)) + (22 — Txg) Vp, (Txg - x3))).
Hence
g = 3] < AN(Jy = 2] + [z = x3]),

MV - o
1— N P2l

ez — x3] <

Generally we have

AN
"xn - xn+1” = m"xn—l —Xp "

Since AN < %, we can prove that {x, } is a Cauchy sequence in E. Since

E is complete, let x, — x* € E. The continuity of 7 implies that

sk . . &

so x” is a fixed point of 7. The proof is complete.

Theorem 4. Let mapping T : E — E is continuous and 0 < AN <
1/ 2 satisfies

(1) If a and b are P € A comparable, then there exists @ € A such
that Ta and Tb are Q- comparable

(1) If a and Ta are P € A comparable, b and Tb are @ € A

comparable and Ta and Tb are R € A comparable, then
(Ta = Tb) VR(Tb - Ta)

<gpMSpg(Ta - a) Vp(a - Ta)) + Sor((Tb - b) Vp(b - Tb));
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(iii) there exists a xqg € E and P, € A, such that xy and Txy are

P, - comparable. Then T has fixed point and the iterative sequence
{T"xy} converges to a fixed point x* of T.
Proof. Defining the iterative sequence
xp = Txg, x9 = Ty = T?xg, -+, xpyy = Tx, = T g, -
By conditions, there exists P, € A such that x,_; and x, are P,-
comparable. And
0<p . (2, —%401) Vp  (Xp1 —x,)
= (Txp_1 = Tx,) Vp,,, (Txp = Txp1)
<p,,;, MSp,p, (x4 —x,) Vp, (¥, —2,1))
+Sp, 1P, (X = %n41) Vi,  (Xpi1 —%,))

So

AN
locn, = 21l < m”an = %Xp -

It is easy to prove that {x,} is a Cauchy sequence and converges to

x* e E. By the continuity of T, Tx* = x*, so x” is a fixed point of 7" The
proof is complete.

Theorem 5. Let mapping T : E — E is continuous and 0 < AN <1/2
satisfies

(1) If a and b are P € A comparable, then there exists @ € A such

that Ta and Tb are Q- comparable.

(1) If a and Tb are P € A comparable, b and Ta are also Q-

comparable and Ta and Tb are R € A comparable, then
(Ta - Tb) VR(Tb — Ta)

<g MSpr((a—Tb) Vp(Tb - a)) + Sr((b - Ta) Vp(Ta - b)));
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(iii) there exists a xq € E such that xo and Txy are A-comparable

and xqy and szo are A-comparable.

Then T has fixed point and the iterative sequence {T"xy} converges to
a fixed point x* of T.
Proof. Defining the iterative sequence
xp = Txg, x9 = Ty = T?xg, -+, xpyy = Tx, = T g, -
By condition (iii), there exists P, € A such that x, and x; = Txy are

P, - comparable and there exists @; € A such that xy and xy = T2x0
are @ -comparable. By condition (i), there exists P, € A such that x;

and x9 = Tx; are P,-comparable and there exists @9 € A such that x;

and x5 = T?x, are Q- comparable. Generally there exists P, € A such

that x,_; and x, = Tx,_; are P, -comparable and there exists €, € A

such that x,,_; and x,, . = T2xn,1 are @, -comparable.

Since x,_; and Tx, are @, -comparable, x, and 7x,_; are also
Q,, -comparable and Tx,_; and Tx, are P, ;-comparable, by condition

(1), we have
0<p , (2 —%xp01) Vp, (X1 —x,)
= (Txpy = Tx,) Vp,,, (Tx, = Tx,1)
<P,y MpP,.1a, (xp —Txy) Vo (Tx, —x,1)
Hxy = Ty V@, (Txpg = xp))-
So
len = xnsall < 2Ny = xpia | < AN(J2ng = 0] + [l = %001 ),

AN
len = %naall < 7557 ln1 = %l
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Since AN < 1/2, it is easy to prove that {x, } is a Cauchy sequence and

converges to x* € E. By the continuity of T, Tx" = x*, so x* is a fixed

point of T The proof is complete.

(1]

(2]

(3]

(4]
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